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a b s t r a c t
A distance-transitive graph is a graph in which for every two
ordered pairs of vertices (u, v) and (u′, v′) such that the distance
between u and v is equal to the distance between u′ and v′
there exists an automorphism of the graph mapping u to u′ and
v to v′. A semiregular element of a permutation group is a non-
identity element having all cycles of equal length in its cycle
decomposition. It is shown that every distance-transitive graph
admits a semiregular automorphism.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
It is known that each finite transitive permutation group contains a fixed-point-free element of
prime power order (see [9, Theorem 1]), but not necessarily a fixed-point-free element of prime order
and, hence, no semiregular element (see for instance [5,9]). In 1981 Marušič asked whether every
vertex-transitive digraph admits a semiregular automorphism (see [16, Problem2.4]). The existence of
such automorphisms plays an important role in the proofs ofmany results concerning some important
open problems in algebraic graph theory such as the hamiltonicity problem for connected vertex-
transitive graphs (see [1,15]).
In 1997 Klin extendedMarušič’s question by askingwhether every transitive 2-closed permutation
group contains a semiregular element (see [4]). This semiregularity problem has prompted quite a bit
of interest in the mathematical community (see for instance [5–11,13,17]) producing the conjecture,
known as the polycirculant conjecture, that every finite transitive 2-closed permutation group has
a semiregular element. In 2003 Giudici [10] proved the polycirculant conjecture for quasiprimitive
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groups and in 2007 Giudici and Xu [13] proved it for biquasiprimitive groups. For an overview of the
current status of this conjecture see [14].
Since the automorphism group of a vertex-transitive graph is a transitive 2-closed group these
results imply that the only graphs for which the semiregularity problem has not yet been settled
are graphs whose automorphism groups contain a non-identity normal subgroup with at least three
orbits. Moreover, as a vertex-transitive graph which is not connected clearly admits a semiregular
automorphism, we can restrict to connected graphs. It seems natural to first consider this problem
for graphs with large degree of symmetry. The results of Giudici and Xu [13] imply that every 2-arc-
transitive graph admits a semiregular automorphism, and so the first family of graphs to be considered
is the family of arc-transitive graphs. Recently, Giudici [12] suggested considering the semiregularity
problem for distance-transitive graphs, a special subfamily of arc-transitive graphs. In this paper we
solve this problem; in particular, the following theorem is proved.
Theorem 1.1. Let X be a distance-transitive graph. Then X admits a semiregular automorphism.
The paper is organized as follows. In Section 2 notation and terminology are introduced alongwith
some results needed for the proof of Theorem 1.1. The proof of Theorem 1.1 is then given in Section 3.
2. Preliminaries
Throughout this paper graphs are finite, simple, connected and undirected, and groups are finite.
Given a graph X we let V (X), E(X), A(X) and Aut X be the set of its vertices, edges, arcs and the
automorphism group of X , respectively. A graph X is said to be vertex-transitive, edge-transitive, and
arc-transitive if its automorphism group acts transitively on V (X), E(X) and A(X), respectively.
Let X be a connected graph. The distance δ(u, v) between the vertices u and v is defined to be the
length of a shortest path from u to v in X . The maximum distance in a graph X is called the diameter
of X and is denoted by d(X). For each u ∈ V (X) and each 0 ≤ i ≤ d(X) we let Si(u) = {v ∈ V (X) |
δ(u, v) = i} denote the set of all vertices of X at distance i from u. Note that S0(u) = {u} and that S1(u)
is the set of neighbors of u.
Given a transitive permutation group G on a set V , we say that a partition B of V is G-invariant
if the elements of G permute the parts, that is, blocks of B, setwise. If the trivial partitions {V } and
{{v} | v ∈ V } are the only G-invariant partitions of V , then G is said to be primitive, and it is said to be
imprimitive otherwise. In the latter case we shall refer to a corresponding G-invariant partition as to a
complete imprimitivity block system, in short an imprimitivity block system, of G. A permutation group is
quasiprimitive if each of its non-identity normal subgroups is transitive. A biquasiprimitive permutation
group is a transitive permutation group for which every non-identity normal subgroup has at most
two orbits and there is some normal subgroup with precisely two orbits. A vertex-transitive graph is
primitive if its automorphism group is primitive. Otherwise it is called an imprimitive graph.
Let G be a permutation group on a finite set V . A semiregular element of G is a non-identity element
having all cycles of equal length in its cycle decomposition. Following [19], the 2-closure G(2) ofG is the
largest subgroup of the symmetric group SV having the same orbits on V × V as G; alternatively, G(2)
is the intersection of the automorphism groups of all so-called orbital digraphs associated with the
action of G on V . The group G is said to be 2-closed if it coincides with G(2). In 2003 Giudici [10] proved
the following result which implies that the only graphs for which the semiregularity problem has
not yet been settled are the imprimitive graphs whose automorphism groups contain a non-identity
intransitive normal subgroup.
Theorem 2.1 ([10, Theorem 1.2.]). Every 2-closed permutation group with at least one transitive minimal
normal subgroup contains a semiregular element of prime order.
Moreover, the next result, which can be extracted from [13, Theorem 1.4.], shows that only
imprimitive graphs whose automorphism groups contain a non-identity normal subgroup with at
least three orbits need to be considered.
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Theorem 2.2 ([13]). Every 2-closed biquasiprimitive permutation group contains a semiregular element
of prime order.
We now turn our attention to distance-transitive graphs, that is, graphs X in which for any two
ordered pairs of vertices (u, v) and (u′, v′) with δ(u, v) = δ(u′, v′), there is an automorphism of X
taking u to u′ and v to v′. Distance-transitive graphs were introduced in 1971 by Biggs and Smith [2],
who showed that there are only 12 finite cubic distance-transitive graphs. Complete lists of distance-
transitive graphs are known for valencies less than 13 (see [3]), but the classification of distance-
transitive graphs with arbitrarily large valencies remains open. Some of the most famous examples
of distance-transitive graphs are the complete graphs, the complete bipartite graphs with parts of
equal size, the Hamming graphs, the bipartite Kneser graphs, the Johnson graphs and the odd graphs
(see [3]).
The following observation whose proof is straightforward implies that every distance-transitive
graph is vertex-transitive and arc-transitive.
Proposition 2.3. Let X be a graph of diameter d. Then X is distance-transitive if and only if it is vertex-
transitive and the vertex stabilizer (Aut X)v is transitive on Si(v) for every i ∈ {1, . . . , d} and for all
v ∈ V (X).
A distance-transitive graph X of diameter d is said to be antipodal if for all u ∈ V (X) and all distinct
vertices v,w ∈ S0(u) ∪ Sd(u) we have δ(v,w) = d. A graph is called bipartite if its vertex-set can
be partitioned into two parts such that no two vertices in the same part are adjacent. The following
result, giving a complete characterization of imprimitive distance-transitive graphs, can be extracted
from [18].
Theorem 2.4 ([18]). Let X be a distance-transitive graph of valency k > 2 and diameter d ≥ 2 and
let u ∈ V (X). Then X is imprimitive if and only if at least one of the sets A(u) = S0(u) ∪ Sd(u) and
B(u) = S0(u) ∪ S2(u) ∪ S4(u) ∪ · · · ∪ Sη(u), where
η =
{
d if d is even
d− 1 if d is odd,
is a block of imprimitivity for the automorphism group Aut X of X. Moreover, these are the only possible
non-trivial blocks of imprimitivity of Aut X containing u. In addition, X is antipodal if and only if A(u) is
a block of imprimitivity, and it is bipartite if and only if B(u) is a block of imprimitivity.
Let us remark that a distance-transitive graph can be both antipodal and bipartite. Examples are
for instance the complete bipartite graphs Kn,n and the hypercubes. Also, the condition on the valency
in the above result cannot be dropped, since a cycle Cn, which clearly is distance-transitive, has
imprimitivity block systems with blocks of size m for all proper non-trivial divisors m of n. Observe
also that in a bipartite distance-transitive graph the part of the bipartition containing u coincides with
the set B(u), as a vertex v is in the same part as u if and only if it is at even distance from u.
3. Proof of Theorem 1.1
We are now ready to prove Theorem 1.1.
Proof of Theorem 1.1. Let X be a distance-transitive graph and let d denote its diameter. In view of
Theorem 2.1 we can assume that Aut X has a non-identity intransitive minimal normal subgroup and
is thus imprimitive. Moreover, as any cycle clearly admits a semiregular automorphism, we can also
assume that the valency k of X is at least 3. If d = 1, then X is a complete graph, and as such clearly
admits a semiregular automorphism. Suppose then that d ≥ 2, let u ∈ V (X) and let A(u) and B(u) be
as in Theorem 2.4. By Theorem 2.4 at least one of the sets A(u) and B(u) is a block of imprimitivity of
Aut X .
Suppose first that d = 2. As A(u) = B(u) in this case, Theorem 2.4 implies that A(u) = {u} ∪ S2(u)
is a block of imprimitivity of Aut X . This implies that no two elements of S2(u) are adjacent, and so
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regularity of X implies that for each element v ∈ S2(u)we have S1(v) = S1(u). Hence, X is a complete
multipartite graph with parts of equal size |A(u)|which clearly admits a semiregular automorphism.
Suppose now that d ≥ 3. Let N be a minimal normal subgroup of Aut X with as many orbits as
possible and letB be the set of its orbits (and thus blocks of Aut X). Note that, by the above assumption,
N is intransitive. If A(u) 6∈ B, then, by Theorem2.4, the graph X is bipartite and the imprimitivity block
systemB contains the block B(u). By the remark following Theorem 2.4, the block B(u) coincides with
the part of the bipartition containing u. The choice of N thus implies that Aut X is biquasiprimitive in
this case, so we can apply Theorem 2.2. We can thus assume that A(u) ∈ B. By Theorem 2.4, X is
antipodal, and so δ(v,w) = d for any pair of distinct vertices v,w ∈ A(u). Since d ≥ 3 this implies
that each vertex of a block B ofB has at most one neighbor inside each of the blocks adjacent to B. In
fact, since the blocks ofB are the orbits of the normal subgroup N , the graph induced on the union of
any two adjacent blocks ofB is isomorphic to the graph nK2, where n = |A(u)|. In particular, Nu fixes
S1(u) pointwise for each u ∈ V (X). But as X is connected this implies that N is semiregular, and so X
admits a semiregular automorphism, as claimed. This completes the proof. 
Acknowledgements
The authors were supported in part by ‘‘Agencija za raziskovalno dejavnost Republike Slovenije’’,
research program P1-0285.
References
[1] B. Alspach, Lifting Hamilton cycles of quotient graphs, Discrete Math. 78 (1989) 25–36.
[2] N.L. Biggs, D.H. Smith, On trivalent graphs, Bull. Lond. Math. Soc. 3 (1971) 155–158.
[3] A.E. Brouwer, A.M. Cohen, A. Neumaier, Distance-transitive graphs, in: Distance-Regular Graphs, Springer-Verlag, New
York, 1989, pp. 214–234. (chapter 7).
[4] P.J. Cameron (Ed.), Problems from the fifteenth British combinatorial conference, DiscreteMath. 167/168 (1997), 605–615.
[5] P.J. Cameron,M. Giudici,W.M. Kantor, G.A. Jones,M.H. Klin, D.Marušič, L.A. Nowitz, Transitive permutation groupswithout
semiregular subgroups, J. Lond. Math. Soc. 66 (2002) 325–333.
[6] P.J. Cameron, J. Sheehan, P. Spiga, Semiregular automorphisms of vertex-transitive cubic graphs, European J. Combin. 27
(2006) 924–930.
[7] E. Dobson, A. Malnič, D. Marušič, L.A. Nowitz, Minimal normal subgroups of transitive permutation groups of square-free
degree, Discrete Math. 307 (2007) 373–385.
[8] E. Dobson, A. Malnič, D. Marušič, L.A. Nowitz, Semiregular automorphisms of vertex-transitive graphs of certain valencies,
J. Combin. Theory Ser. B 97 (2007) 371–380.
[9] B. Fein, W.M. Kantor, M. Schacher, Relative Brauer groups II, J. Reine Angew. Math. 328 (1981) 39–57.
[10] M. Giudici, Quasiprimitive groups with no fixed point free elements of prime order, J. Lond. Math. Soc. 67 (2003) 73–84.
[11] M. Giudici, New constructions of groups without semiregular subgroups, Comm. Algebra 35 (2007) 2719–2730.
[12] M. Giudici, http://www.cs.uleth.ca/morris/banff-symmetries/Symmetries-report.pdf.
[13] M. Giudici, J. Xu, All vertex-transitive locally-quasiprimitive graphs have a semiregular automorphism, J. Algebraic
Combin. 25 (2007) 217–232.
[14] K. Kutnar, D. Marušič, Recent trends and future directions in vertex-transitive graphs, Ars Math Contemp. 1 (2008)
112–125. http://amc.imfm.si/index.php/amc/article/viewFile/81/37.
[15] L. Lovász, Combinatorial structures and their applications, in: (Proc. Calgary Internat. Conf., Calgary, Alberta, 1969),
in: Problem, vol. 11, Gordon and Breach, New York, 1970, pp. 243–246.
[16] D. Marušič, On vertex symmetric digraphs, Discrete Math. 36 (1981) 69–81.
[17] D. Marušič, R. Scapellato, Permutation groups, vertex-transitive digraphs and semiregular automorphisms, European J.
Combin. 19 (1998) 707–712.
[18] D.H. Smith, Primitive and imprimitive graphs, Quart. J. Math. Oxford 22 (1971) 551–557.
[19] H.Wielandt, Permutation groups through invariant relations and invariant functions, Lecture Notes, Ohio State University,
Columbus, 1969.
